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2 —
Al) Find the value of lim———

. [Chapter 2]
=2 x7 +x" —6x

A3) If f(x) = ;l;c;; , find the expression for f~' (x) . [Chapter 1]

6 —
A4) Find the value of lim 7)6372)6 . [Chapter 2]

o 3x7 -9

5% —2Jx +1

AS5) What is the equation for the horizontal asymptote of the curve y = 377 _ar
+x" —4x

? [Chapter 2]

A6) If f(x)=sinxcosx, find the value of f"(%j . [Chapter 3]

\/1+tanx —x/1+sinx
3

A9) Find the value of lim

x—0 X

. [Chapter 2]

A10)If y =tan™ (\/1 +x° — x) , find the expression of Z—y . [Chapter 3]
x

B1) Find f '(x) from first principles (i.e. by using only the definition of the derivative) for the following functions:
[Chapter 2]

a) f(x) .
b) f(x)=sinx

1

B2) Find any suitable method to find 4 for each of the following: [Chapter 3]

dx
a) y:(2+x2)tanx
e3x
b -
) 2+x°
c) y :sec(1+\/;)
d) y :3sin712x

B3) Find the line which passes through the point (O,—32) and tangent to the curve y = 2x’ at some point. [Chapter
2]

B4) Find Z—y if ° +2y” +xp—2y+x=1. What is the value of Z—y when x =3 ? [Chapter 3]
x x

B5)
x+1 ifx=0

‘ .Does f'(0) exist? Justify your answer. [Chapter 2]
x+2 ifx<0

a) Let f(x):{
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c (x2 -X- 2) '
b) Let f (x) = x—2 ifx>2 . Find a value of ¢ such that f'is continuous at 2. If such a value does not
ex® +1 ifx<2

exist, explain why. [Chapter 2]

1

x7 -1
1

B6) Find the value of linll . [Chapter 3]

x> -1
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2

) } -2
Al) Find the value of hm#. [Chapter 2]
=2 x7 +x" —6x
2 —_—
lim% - Let’s factorize the numerator and the denominator and see what cancels out.
WX+ xT —0x
x(x-2
=lim ( )
X2 x(x +x— 6)
) X (x - 2)
= lim - Cancel out the common factors.
X2 x(x + 3)(x — 2)
) 1 ) ) ..
= hng 3 - Now we can substitute in x = 2 to evaluate the value of the limit.
=2 x +
1
2+3
_1
b
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4x—1
A3) Iff(x)=2;+3

X =

x(2y+3) =
2xy+3x =
4y —2xy =
(4—2x)y =

y:

4y -1
2y+3

4y -1
4y -1
1+3x

1+3x

, find the expression for f~' (x) . [Chapter 1]

- To find the inverse function, we swap f (x) for x and x for y, and then solve for y.

For Tutoring Contact www.TorontoTutors.com



MAT135Y 2004-2005 Winter Term-Test 1 (draft September 7, 2008) 5

N7x8 =2

A4) Find the value of lim 3—x . [Chapter 2]

=0 3x° =9
i [7x% —2x Both the numerator and denominator are polynomials, so we divide top and bottom
o3 9 by the largest power of x, in this case x”.
1
156 _0y 5 Note that since x — —0, it is a negative number, so that we need to make sure we
= lim N XT - preserve the negative sign on the numerator when multiplying into the square root,
X—>—00 X —

which gives only positive values.

X
- %(7)66 — 2x)
= lim % 5
X 3 _ —3
X
2
= lim 9x - Now we can substitute in x = —o0 to evaluate the value of the limit.
X—>—w0 3_ 7
x3
_ 7 _ 2 .
—00
= # - Any number divided by infinity is 0.
3- 3
(=)
_—7-0
3-0
__N7
_3
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AS5) What is the equation for the horizontal asymptote of the curve y =

o 5xt —2Jx +1
111’1’1—

e 34y — 4y’

= lim 5 3
ool 34 x" —4x

5—£;+J;
)CE *
= li
xgi_é_ 1_4
x3 X
2 1
5——?+;§
002
—%+l—4
o0 o0
~5-0+0
0+0-4
_3
4

Therefore the horizontal asymptote is y =—

5x3—2\/;+1.

5x° —2Jx +1

? [Chapter 2
3+x%—4x° [ P ]

A horizontal asymptote exists if a function approaches a certain value
asymptotically, i.e., the function approaches a certain value as x — co. Both the
" numerator and denominator are polynomials, so we divide top and bottom by the

largest power of x, in this case x’, in order to determine the value of this limit.

- Now we can substitute in x = oo to evaluate the value of the limit.

- Any number divided by infinity is 0.
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A6) If f(x)=sinxcosx, find the value of f"(%j . [Chapter 3]

r (x) _d (sin xcosx) While the derivative can be taken directly using the Product Rule, it is simpler if we
" dx rewrite the expression using the trigonometric identity sin2x = 2sin xcos x .

d(1 .
= d_ (5 sin 2xj - The Chain Rule is needed for this derivative.
X

= l cos 2)ci 2x
dx

=CoS2x

d
f(x)= 7008 2x - The Chain Rule is again needed.
x

= —sin 2xi 2x
dx

=-2sin2x

. —2sin| 2- z - Now we can substitute in x = z to evaluate 1" z )
4 4 4 4

= -2sin (zj
2

-2()
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x/1+tanx —\/1+sinx

A9) Find the value of ling 5 . [Chapter 2]
X—> X
Both the numerator and denominator evaluate to 0. Since the
i J1+tan x —+/1+sin x numerator is a subtraction, we can rewrite the expression by
- X i multiplying top and bottom by Jl+tanx ++/1+sinx to geta

difference of squares on top.

\/1+tanx —\/1+Sil’1x

3
X

= lim
x>0 \/1+tanx +\/1+sinx

x/l—i-tanx +x/1+sinx
(1+tanx)—(1-sinx)

= lim
10 43 («/1+tanx +x/1+sinx)

One of the few limits we know that involves x and trigonometric

functions is linol(sin x/ x) =1. Let’s therefore aim to get a sin’ x
X—>

. tan x —sin x . o . .
=lim _term in the numerator to pair with the x” in the denominator by

x—>0 3 :
X (\/1 +tan.x + 1+ sin x) first writing tan x = sin x/cos x . Note that the rest of the

denominator evaluates to a defined value when applying the limit,
so we write it as a separate factor that requires no further attention.

sin x

—sinx
cos X

I - 3 We can pull out 1/cosx from the numerator as a common factor,
= lim X -

=0 1 and see if the remainder can be written as sin’ x .

\/1+tanx +\/1+sinx

1 sinx-—sinxcosx
Cosx X

= lin(} 0 - sinx is a common factor, so we pull that out as well.
x>

x/1+tanx +x/1+sinx

1 s x(1-cosx) We now want 1—cosx to become sin’ x, which we can do by

— lim| €9%% x’ _recalling that sin® x =1—cos” x, which is a difference of squares.
=0 1 We can therefore get what we want if we multiply top and bottom
J1+tan x ++/1+sinx by 1+cosx.
1 sinx(1-cosx) 1+cosx
= lim cosx x’ 1+ cosx
x—0 1
. J1+tanx ++/1+sinx
1 sinx(l—cos2 x) |
= lim cosx X’ 1+ cosx
x—0 1

\/1+tanx +\/1+sinx
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| sinx ( sin’ x) 1
— lim| cosx x’ 1+cosx
x—0 1
L Jl+tanx ++/1+sinx
1 ( sin x I 1
.| cosx x I+cosx o e
= lim - We can now distribute the limit to get 4 terms.
x—0 1
J1+tanx ++/1+sinx

. 3
) 1 ) sin x ) 1
=lim -lim -lim
=0 cosx 0\ x x=0]+cosx

1
-lim
x>0 \/1+tanx +\/1+sinx

- Evaluate the value for all the terms.

_ 1 '(lmsinxf. 1
cos(0) =0 x 1+ cos(0)

1
\/1 +tan(0) + \/1 +sin(0)

1 1 1

==.(1)- .
1() 1+1 J1+0++140
IR
2 2
_1
4
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A10)If y = tan™ (\/1 +x° - x) , find the expression of Z—y . [Chapter 3]
X

We can take this derivative by using the Chain Rule.

dy _ d -1 2
E‘%[tan ( I —xﬂ " Recall that itan‘lxz ! —.
dx l1+x
1 d
= > -—(\/ 1+x° — x) _ When taking the derivative of the square root term, the
1+ («/1 +x* - x) dx Chain Rule is needed once more.
— 1 . 1 ix2 _1
1+(\/1+x2 —x)2 i+ x°
—
Chain Rule
1 ) Now we need to simplify this expression. Let’s
= - r 1] _expand out the squared term in the 1* fraction, while
1+ ( N+ x* — x) 21+ x° writing the subtraction inside the brackets as a single
fraction.

1 .2x—2\/1+x2

2 2
1+(\/1+x2) oxflex? +x? AN+
We next remove the square root term in the

2
! xo2Nltx _denominator of the 2™ fraction by multiplying top and

1+(1+x2)—2x\/1+x2+x2 21+ x° bottom by v

~ 1 2 -2W1+x® V14

242%% —2xl4+x°  Wl+x* A+

2 2

_ 1 ' 2xVl+x" =2 (1 tXx ) _Note that the numerator of the 2" fraction is just the

2(1 42 ) o1+ 2 2(1 + x2) negative of the denominator of the 1* fraction.

[ 2 2

B 1 —[Zx I+x" + 2(1 X )} _ The numerator of the 2" fraction therefore cancels out
B 2(1 + 52 ) 9y m ' 2(1 L2 ) the denominator of the 1* fraction, leaving behind —1.
B 1

2(1+x%)
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B1) Find f '(x) from first principles (i.e. by using only the definition of the derivative) for the following functions:

[Chapter 2]

a)
() =1 (h) -f (X) _This is one way to write the definition of the derivative. Let’s substitute in the
! (x) = h—x function.
.1
_lim P x - We can simplify this by writing the numerator as a single fraction.
h—x h —X
. (h=x 1
= lim : - Cancel out the common factor.
e\ hx  h—x
.1 ..
=lim— - We can now apply the limit.
h—x hx
_ L
xx
_ L
X
b)
, ’ f(x+h)=f(x) _This is one way to write the definition of the
/(%)= ) derivative. Let’s substitute in the function.
_ sin ( X + h) —sinx We can expand this using the trigonometric identity
= lim 7 “sin(a+b)=sinacosb+cosasinb.

sin xcosh + cosxsin 4 —sin x

= lim

h—0 h

- We can then split this into 2 fractions.

. (sinxcosh—sinx cosxsinh
=lim +

- These can be factorized to yield limits we know.

h—0 h h
) . cosh—-1 sin A . ..
=lim| sinx—— +cosx - Distribute the limit.
h—0 h h
= limsin x - limLh_1 +limcos x - limﬂ - Recall that limL@_1 =0 and lim sin 0 =1.
h—0 h—0 h h—0 =0 h 6—0 2] 60

=sinx-0+cosx-1

=COSX
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B2) Find any suitable method to find & for each of the following: [Chapter 3]
X

a) y :(2+x2)tanx

3x

e
b =
) v 24+ x°
c) y= sec(1+\/;)
d) y — 3sin*1 2x
a)
Y _ i[(2 +x? ) tan x} - The Product Rule is needed here.
dx dx
= i(2+x2) tanx+(2+x2)itanx
dx dx
=2xtan x +(2 +x° )8602 X
b)
3x
@ = d _e - The Quotient Rule is needed here.
dx  dx2+x
(de3xj(2 +x° ) —e i(2 + x3)
_ dx dx - The Chain Rule is needed for the derivative on the left.
(2 +x° )2
(63" d3xj(2 +x ) —3x%e*
_ dx
(2 +x° )2
3™ (2 +x ) —3x%e
(2 +x° )2
9)
d_y = isec (1 + \/; ) - The Chain Rule is needed here.
dx dx

:sec(1+\/;)tan(1+\/;)%(l+\/;) - Recall that disecx =secxtanx.

:ﬁsec(l+\/;)tan(l+\/;)
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d)
Y _ i3smfl 2 - The Chain Rule is needed here. Recall that ia" =a“Ina.
dx dx dx
p The Chain Rule is needed again here. Recall that
— sin”! 2x ey _ d L 1
(3 ln3)dxsm 2x asm L= —.
- (351“" 2 1n3) : %izx
1-(2x) &
— (:),silfl 2x 1n3) . 2 >
1-4x
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B3) Find the line which passes through the point (0,—32) and tangent to the curve y = 2x° at some point. [Chapter

2]
Q = i2x3 - Let’s first evaluate the derivative.
dx dx

= 6x°

Let the point on the curve that the line is tangent to be (a, 2a° ) .

dy 2a° — (—32) The slope of the tangent must be the same as the slope as calculated from the point on
dxl_~ a—0 thecurve and the outside point (0,-32).
3
6a’ = 2a +32 - Simplify and solve for a.
a
6a’ =2a’ +32
4a’ =32
a =8
a=2
dy . . .
Y= I X+c¢ - Now we can write out the equation of the line.
x=2
= 6(22 )x + ¢ - To find the constant ¢, we can substitute in the point (0,—32) , Which is on this line.
-32=24(0)+c
c=-32

Therefore the line is y = 24x —32
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B4) Find Z—y if 3 +2y% + xp—2y+x =1. What is the value of Z—y when x =3? [Chapter 3]
X

x
Y +2y  +xy-2y+x=1 - Differentiate the equation implicitly.
di( Y 42y +xy -2y + x) = di 0 - Chain Rule and Product Rule are both needed.
x

32V gy WX A

dx dx dx dx  dx
Chain Rule Chain Rule Product Rule

d
3 2dy+4yﬂ+y+ dy_zﬂ_Fl:O -SOlVCfOT—y.
dx dx X dx dx

(35 +4y+x-2 —y——l—
dx

ﬂ -y _ We now need to determine value of y that
dx 3y’ +4y+x-2 correspondsto x=3.

Y +2y* +3y-2y+3=1 - Substitute x =3 into the original equation.
V' 42y +y+2=0 - y=-2 yields 0 on the left side, so y+2 is a factor.

(y+ 2)( Y+ 1) =0 - The quadratic factor gives imaginary roots, which can be ignored.
y=-2

dy -1-(=2) -
— = > - We can now evaluate the derivative at x =3, y =2.
x|y 3(-2) +4(-2)+3-2
B 1
12-8+3-2

For Tutoring Contact www.TorontoTutors.com



MAT135Y 2004-2005 Winter Term-Test 1 (draft September 7, 2008) 16
BjS)
x+1 ifx>0

_ .Does f'(0) exist? Justify your answer. [Chapter 2]
x+2 ifx<0

a) Let f(x) ={

c (x2 —X- 2) .
b) Let f (x) = x—2 ifx>2 . Find a value of ¢ such that f'is continuous at 2. If such a value does not
ox’ +1 ifx<2

exist, explain why. [Chapter 2]

a)
fim /()= lim (x+1)
=0+1
=1
fim /()= lim(x+2)
=0+2
=2
Since lim f(x)# lim /' (x), f(x) is not continuous at x = 0, therefore /'(0) does not exist.
x—0" x—>0"
b)
) C(x2 —-x- 2) ) 5 _ We need to make sure the function is continuous when x =2. We
)}g? w_2 = )}ani (cx + 1) can then simplify the left side by factorizing the numerator.
clx—=2)(x+1
lim (x=2)(xr+l) _ lim (ex +1)
x—2" x—=2 x—2"
lirg c(x+1)= lir? (cx2 + 1) - We now substitute x =2 into the expression.
c(2+1):c(22)+1 - Solve for c.
3c=4c+1
c=-1
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1

7 _
B6) Find the value of linllxl—1 without using I’Hopital’s Rule. [Chapter 3]

X—>

x° -1

Since this is a fraction, we shall rewrite the expression so to match the definition of
the derivative. Recall that the definition of the derivative can be written as

. f'(x) = lim[f(x) —f(a)]/(x — a). This means that we need to have x —1 in the

. x7 —1 x—a
1}2} 1 " denominator since the limit is for x — 1. There is, however, no simple multiplicative
x* -1 factor that can do this. Instead, we need to make a substitution that replaces x"°. If we
7/5 ..
let u = x"°, then x"7 = (xl/s) =u"", and the limit x — 1 becomes u — 17" =1.
5
ul —1 Now that we have the denominator matching that of the definition of the derivative,
= lulg} 1 we need to match the numerator as well. Note that 17° =1.
; 3 % We can now see that our expression matches the definition of the derivative, with
=i - =y i =
lm 1 f(u) u’' ,while a=1.
u)— fla
10/ (a)
u—a u —_ a
= f"(a) - Now we can evaluate the derivative.
5
_4.
du
u=l
5 2
= 7u 7 - Finally, we substitute in u =1.
u=1
2
_2 17
7
5
7
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