MAT135Y 2002-2003 Winter Term-Test 1 (draft September 7, 2008)

A3) Find the value of lim

sin (2x)cos(3x)sin (4x)

=0 xcos(5x)sin(6x)

. [Chapter 3]

A8) Find the value of linol(cot x —cscx). [Chapter 3]

A9) If x* + xy+y’ =1, find the value of

3
C;; g} at the point where x =1. [Chapter 3]
X

A10) There exists one, and only one, straight line that is tangent to the curve y = x* —9x” at two points. Find the

B1)

B2)

B3)

B4)

B3)

B6)

distance between these two points. [Chapter 2]

Find f'(x) from first principles (i.e. by using only the definition of the derivative) for f(x)=x’. [Chapter 2]

Find any suitable method to find Z—y for each of the following: [Chapter 3]
X

a) y:(4+x2)sin’1x, -l<x<l1

N

b =

)V 5+¢€"
c) y=tan"'x’
d) y — 2sin5x

An object is thrown upward so its height above ground after ¢ seconds is 50 + 967 —16¢> feet. Find the velocity
of the object when it is 178 feet above ground on its way up. [Chapter 3]

Find the line passing through the point (—3,0) and tangent to the curve y =+/x—1 at some point. [Chapter 2]

2x+c ifx<3 . . .
Let f (x) = . Find the value of ¢ so that f'is continuous everywhere. [Chapter 2]

ex+c+1 ifx=3
. - 4[-a |x‘ +b— \/_
Find the values of the constants a and b such that lim . [Chapter 2]

=0 Jx+4-2
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_ . sin(2x)cos(3x)sin (4x)
A3) Find the value of lim -
=0 xcos(5x)sin(6x)

. [Chapter 3]

sin (2x)cos(3x)sin (4x)

lim _ We first write this fraction into a product of convenient
x—0 X COS (Sx) sin (6x) fractions.
— lim sin(2x ) . COS(3X ) ' sin(4x ) i We can now distribute the limit to get 3 individual
x—0 X cos (Sx) Sin (6x) llmlts to eValuate.
sin (2x) cos (3x) sin (4x) The 1% and 3™ limits are in the form 0/0, so we apply
= lim -lim -lim— - ’Hopital’s Rule: take the derivative top and bottom
=0 x 0 c0s(5x) 0 sin(6x) separately
isin(2x) 3 —sin(4x ) ) ) .
L dx . COS( X ) . dx The Chain Rule is required for each of the derivative of
q
=lim lim lim -
x>0 =0 cOS ( 5 x) =0 d . sine.
—x ——sin(6x)
dx x
d d
cos(2x)—2x cos(4x)—4x
T (2%) dx . cos(3x) (4x) dx
= hnol . hng . hr% p
H I 0 cos(Sx) cos(6x)d— 6x
X
—timl 2 cos(2x) - 1i cos(3x) . 4cos(4x) Now we can substitute in x =0 to evaluate the value of
= 1m[ cos x)] im - " the limi
x—0 x—0 COS(SX) x—0 6005(6x) the limat.

.cos(3-0).4cos(4-0)

220 (0 50) on(6 )

1 6-1

[a—

S
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A8) Find the value of lim(cotx —csc x) . [Chapter 3]

x—0

hm(cotx —CsCx ) - We first write the expression in terms of sines and cosines.

x—0

. [cosx 1 ) ) .
=lim| ————— - Write as a single fraction.
=0\ sinx sinx

i 08X -1 _The limit is in the form 0/0, so we apply I’Hopital’s Rule: take the derivative top and
x>0 gin x bottom separately.

i(cosx -1)
- llf% dx
7 —sinx
dx

—sin x

= lim

- This is just the tangent.
=0 COS X

= —1}3} tan x - Now we can substitute in x = 0 to evaluate the value of the limit.

=0
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3
A9) If x* + xy+y’ =1, find the value of flx{ at the point where x =1. [Chapter 3]
X +xy+y =1 - We take the derivative on both sides
di( X +xy+ ) ) = dil - The Product Rule is needed for the 2™ term on the left.
X X
2x+d—y+xdy 3)/2@:0
dx dx dx
-
Product Rule
2x+y+ xﬂ +3)° dy -0 - Let’s call this Equation 1. Solve for @ .
dx dx
dy
x+3y*)—=—=-2x-
(r+37) - y
dy 2x-y
dx  x+3)°
0= d dx+y4x dy +3y? dy _ We next 'take the derivative on both sides
dx dx of Equation 1.
d d dy , dy _ The Product Rule is needed for the 3 and
EO e 2xty+x— PN +3y e 4™ terms on the right.
0:2+d_y+ﬁﬂ+xﬂ+ i?ay dy +337 d’ 4V The Chain Rule is needed for term in
dx dxdx  dx’ | dx dx d* " square brackets.
Product Rule Product Rule
O:2+d—y+ﬂ+xd—2y+ 6yd L4 +3y° dy
dx dx dx’ dx |dx dx®
\qr—/
Chain Rule
2 2
0=2+2 dy &y (ﬂj 37 d’y - Let’s call this Equation 2. Solve for Zl 2} :
dx  dx’ dx dx’ X
d’y dy ( dy )2
x+3)° =2-2-—"—6y| —
( 4 ) dx’ dx 4 dx
2
2 —6y(d—y)
dy dx dx
dx’ x+3y°
dy d d’y dyY’ ,d’y _ We next take the derivative on
0=2+2—" dx dx +6 (dxj +3 e both sides of Equation 2.
d _d dy 'y dyY . ,dy The Product Rule is needed for
EO - 5{2 T2 o e T oy o) T di " the rightmost 3 terms.
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i d’y ded’y d’y
2 PR R
dx dx dx dx
0 _ Product Rule The Chain Rule iS needed in
- 2 2 2 3 " derivatives involving y.
+6d—y(d—yj +6yi(ﬂj +(i3y2jd §}+3y2 d f
dx \ dx dx \ dx dx dx dx
L Product Rule Product Rule
2 2 3 3 ]
Zd g}+d g}+xd g}+6(@j
dx dx dx dx
0= 2 2 3
dy d’y dyjd Y ,2dy
+6y| 2—— |+| 6y— |—+3
y( dx dxzj ( ydx dx* 4 dx’
R —
L Chain Rule Chain Rule i
d2y dy 3 dy dy dy ] Let’s call this Equation 3. Solve
0:3dx2 +6(£] +18y£dx2 +(x+3y ) % for d3y/dx2.
d’y d’y (a’y)3 dy d’y
x+3y')——=-3"— 6] = | —18y—=——=
( Y ) dx® dx* dx 4 dx dx*
d*y  (dyY dy d*
. 392 —6(yj ~18y LY
d’y dx dx dx dx
dx’ x+3)°

x> +xy+3° =1 - We next determine the value of y corresponding to x =1.

1? +(1)y+y3 =1

y+y' =0
y(l + y2) =0
y=0
@ = 2x-y We can now determine the value of the 1* derivative at x =1.
dx x+3y°
B —2(1) -0
1+3(0)
=-2
—2—2Q—6y(ﬁj2 . d qori oot
d? dx dx - We can now determine the value of the 2™ derivative at x =1.
dx - x+3y°
_—2-2(-2)-6(0)(-2)’
B 1+3(0)
=2
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2 3 2
_3Q_6(d_yj 1y @4y

d’y T dx’ dx dx dx* - Lastly, we can now determine the value of the 3" derivative at x =1.
dx’ x+3y°
_-3(2)-6(-2) ~18(0)(-2)(2)
1+3(0)’
— 6448
— 42
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A10) There exists one, and only one, straight line that is tangent to the curve y = x* —9x” at two points. Find the
distance between these two points. [Chapter 2]

y=x*-9x’ - We first find the expression for the slope of the curve.
d_y = i(x4 -9x? )
dx dx
=4x’ —18x

Note that the curve is even (symmetric around the y-axis). If there is only 1 straight line that
4x* —18x =0 -is tangent to the curve at 2 points, this line must be horizontal. The slope of this line must
therefore be zero. We can then divide out the common factor 2.

2x* —9x =0 - Factorize.

x(zx2 —9) =0
Therefore:
2x2-9=0
x=0 or x2 _2
2
P

V2

—3 By the same symmetry argument, the two points must be at x = ir3/ V2 and not x =0. The

3
V2 2 distance is just the difference between the x-coordinates, since the line is horizontal.
LS
V2
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B1) Find f'(x) from first principles (i.e. by using only the definition of the derivative) for f(x)=x". [Chapter 2]

() =i f(h)-f(x) _This is one way to write the definition of the derivative. Let’s substitute in
! (x) = h—x the function.
W —x
=lim P - We can simplify this by factorizing the numerator.
h—x —-X
h—x)(l +xh+x°
= lim( x)( Ty ) - Cancel out the common factor.
h—x h—x
= %ig}(hz +xh+x° ) - We can now apply the limit.
=x" +xx+x
=3x’
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B2) Find any suitable method to find Z—y for each of the following: [Chapter 3]
X

a) y:(4+x2)sin’1x, -l<x<l1

NS

b =
) v 5+¢€"
c) y=tan"'x’
d) y — 2Sin5x
a)
b _ i[(4 +x° )sin*1 x} - The Product Rule is needed here.
dx dx
= [1(4 +x* )}sin_1 X+ (4 +x° )isin_l X
dx dx
1
=2xsin™ x+(4+x2)
V1= x?
b)
dy = a Jx - The Quotient Rule is needed here.
dc dx5+¢"
(i&j(s co )N (54e)
dx dx

(5+ex)2
ﬁ(S—ke*)—\/;ex

(5+ex)2

- The Chain Rule is needed here.

d)
d_y — i 2sin5x

- The Chain Rule is needed here.
dx dx

= (251“5 “In Z)isin 5x - The Chain Rule is needed again here.

dx

= (251“5)‘ In 2)cos Sxin
dx

= 5(2““5)‘ In 2)cos 5x
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B3) An object is thrown upward so its height above ground after ¢ seconds is 50 +96¢ —16¢> feet. Find the velocity
of the object when it is 178 feet above ground on its way up. [Chapter 3]

d
V= E(SO +96¢ —16¢ ) - Velocity is the derivative of displacement with respect to time.

=96-32¢

50+96:—16t> =178 - We next find the time corresponding to the object at 178ft on its way up.

161> =96t +128 =0 - Divide out the common factor 16.
2-6t+8=0 - Factorize
(t-2)(t-4)=0 - Since the object is thrown up, the earlier time corresponding to it going up.
t=2
v(2)=96-32(2) - Substitute ¢ = 2 into the expression for velocity.
=96 - 64
=32 (feet per second )
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B4) Find the line passing through the point (—3,0) and tangent to the curve y =+/x—1 at some point. [Chapter 2]

d d
d_y = d—'V x—1 - Let’s first evaluate the derivative.
X dx

1

24x -1

Let the point on the curve that the line is tangent to be (a, a—1 ) .

dy Ja-1-0 The slope of the tangent must be the same as the slope as calculated from the point
x| a- (-3) " on the curve and the outside point (-3,0).

1 _Va-1
2Ja-1  a+3
a+3=2va-1va-1

- Cross-multiply and solve for a.

=2 (a - 1)
=2a-2
a=>5
dy . . .
y= o x+c¢ - Now we can write out the equation of the line.
X x=5
= ! x+c¢ -To find the constant ¢, we can substitute in the point (—3,0) , Which is on this line.
24/5-1
0= (3)+c
2(2)
3
c==
4

Therefore the line is y = %x +%
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BjS)

2x+c’ ifx <3
a) Let f (x) —]exTe s . Find the value of ¢ so that f'is continuous everywhere. [Chapter 2]
cx+c+2 ifx>3

a)
liI? (2x " cz) _ litg (cx+ o+ 2) _Since both 2x + cz.and cx+c+ 2 are contiguous, the only place we
PEN x> need to make sure is continuous is when x =3.
2(3) +ct =3c+c+2 - Move everything to one side and solve the quadratic.
c’—4c+4=0
(c-2) =0
c=2
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N —alx|+b— NE)
B6) Find the values of the constants a and b such that lim | ‘

=00 Jx+4-2

=4 . [Chapter 2]

. I—a ’ x| +bh-3 A Let’s first remove the absolute sign in the square root. Since the limit is towards
im = - ; i ; -
o m D) zero from the negative, x is negative, thus |x’ =—Xx.

) 1/—a(—x)er—\/g
lim =4
x=0" Vx+4-2

. Nax+b -3 Let’s call this Equation 1. The denominator of this limit is 0. For the limit to be
}333“ Jx+4-2 - " defined, it needs to be in the form 0/0, i.e., the numerator has to be 0 as well.

lim(vax+b — \/3) =0 - Substitute in x =0 and solve for 5.
x=0"

b=3
. NJax+3-3 This is Equation 1. Let’s multiply top and bottom by
lIim————=4 - )
=00 x+4-2 Vx+4 +2 to get a difference of squares at the bottom.
. | Vax+3—-~3 Jx+4+2
lim =4
=00 Nx+4-2 x+44+2
(\/ax+3 —\/5)( x+4 +2)
lim > =4
w0 (Vx+4) -22
(\/ax+ 3 —ﬁ)(\/x+4 +2)
lim =4
x=0" x+4-4
( Jax 13- \/g) ( Jrid+ 2) This is still in the form 0/0, so we multiply top and
ll_ron =4 -bottom by vax+3 ++/3 to make a non-zero
. X denominator.
i (\/ax+3—\/§)(\/x+4+2) [ax+3 +3 A
im . =

- It’s another difference of squares on the numerator.

=0 x Jax+3+3
) (7

lim =4

=0 x(m+\/§)
(ax+3—3)(\/m+2)

lim =4

=0 x(m+\/§)
ax(\/m+2)

gn x( Jax+3+ \/5) =4 _ Cancel out the common factor x.
. aNx+4+2
lim————7%==4 - Apply the limit.
=0 Jax+3 +3 PPy
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a(\/m-i-Z) ~
\a(0)+3 N

4a B
23

4
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4 - Simplify and solve for a.

14



